Let A be an index set, and C = {C α } α∈A ∈ [1; ∞)
Introduction
Let X be a (nonempty) set. A map M : X × X × [; ∞) → [; ] or M : X × X × (; ∞) → [; ] is called a fuzzy set (Zadeh [] ). The set X, together with a fuzzy set M and with a continuous t-norm * , is called a fuzzy space and is denoted by (X, M, * ). We recall the definition of Schweizer and Sklar [] .
The following fuzzy spaces are well known: fuzzy metric spaces (Kramosil and Michalek [] , George and Veeramani [] ), fuzzy quasi-metric and fuzzy quasi-pseudometric spaces (Gregori and Romaguera [] ), intuitionistic fuzzy metric spaces (Park [] ), fuzzy uniform spaces (Lowen and Wuyts [] ), fuzzy quasi-uniform spaces (Hutton [] ), and fuzzy topological spaces (Hutton [] ).
The following fuzzy metric space is a fuzzy version of probabilistic metric space.
It is widely recognized that the existence, uniqueness, convergence, approximation, and fixed point result concerning single-valued contractions in complete metric spaces of Banach [] (see also Caccioppoli [] ) deeply influenced the direction of fixed point theory. converges to w.
Theorem . ([
The version of Theorem . for single-valued maps T : X → X satisfying the contractive condition
∃ λ∈(;) ∀ x,y∈X ∀ t∈(;∞) M T(x), T(y), λt ≥ M(x, y, t)
(. ) in G-complete KM-fuzzy metric spaces was proved by Grabiec [] . The methods and ideas introduced by Banach and Caccioppoli were generalized in various ways to analyze and solve an astonishing variety of convergence, existence, and approximation problems. Nadler's work (see [, ] ) on the existence of fixed points was another major advance in this topic since it applies to the set-valued dynamic systems.
Theorem . ([, ]) Let (X, d) be a complete metric space. If T : X → CB(X) and ∃ λ∈[;) ∀ x,y∈X H d T(x), T(y) ≤ λd(x, y) , (  .  )
then Fix(T) = ∅ (i.e., there exists w ∈ X such that w ∈ T(w)).
Here CB(X) is the class of all nonempty closed and bounded subsets of the metric space (X, where K(X) is the space of nonempty compact subsets of X, and M(x, V , t) = sup v∈V M(x, v, t) for x ∈ X, V ∈ K(X), and t ∈ (; ∞). Further new results in this direction were proposed by Phiangsungnoen et al. [] . A totally new idea was required in fuzzy spaces with asymmetric structures, for example, in fuzzy quasi-metric spaces. This new idea concerning convergence and completeness was proposed by Gregori When (i)-(v) hold, we will say that (X, M, * ) is a GR-fuzzy quasi-metric space.
Note that given important references are not exhaustive. After the years  and , also with very strong assumptions (determining essential tools of investigation and playing an essential role in all known proofs) and with conclusions analogous to those mentioned before, many mathematicians constructed similar contractions and exhibited generalizations of Theorems . and . in various sequentially complete spaces.
However, we see that, without required restrictive assumptions and with conclusions more profound than in Theorems . and . or in the papers cited, it is not clear how one could construct new spaces, deliver new contractions in these spaces, and prove new analogous theorems for such contractions. This is one of the most fundamental and natural questions concerning theory of spaces and fixed point theory of set-valued and singlevalued dynamic systems.
A set-valued dynamic system is defined as a pair (X, T), where X is a certain space, and T is a set-valued map T : X →  X ( X denotes the family of all nonempty subsets of a space X). A dynamic process or a trajectory starting at w  ∈ X or a motion of the system (X, T) at w  is a sequence (w m . By Fix(T) and Per(T) we denote the sets of all fixed points and periodic points of T, respectively, that is, Fix(T) = {w ∈ X : w ∈ T(w)} and Per(T) = {w ∈ X : w ∈ T [k] (w) for some k ∈ N}.
Recall that a single-valued dynamic system is defined as a pair (X, T), where X is a certain space, and T is a single-valued map T : X → X, that is, ∀ x∈X {T(x) ∈ X}. (the identity map on X). By Fix(T) and Per(T) we denote the sets of all fixed points and periodic points of T, respectively, that is, Fix(T) = {w ∈ X : w = T(w)} and Per(T) = {w ∈ X : w = T [k] (w) for some k ∈ N}.
In this paper our aim is twofold. First, we want to introduce and describe fuzzy quasitriangular spaces. Second, we want to show how the fuzzy quasi-triangular spaces combined with some new ideas, methods, techniques, and tools of studying can be used to construct the set-valued and single-valued fuzzy contractions and next to study the problems concerning convergence, periodic points, and fixed points for such contractions. Then, in this more general setting, we formulate and prove fuzzy extensions of Theorems . and ..
More precisely, this paper is divided into  sections. In Section , we define very general fuzzy spaces (X, M C;A , * ) called fuzzy quasi-triangular spaces. In Section , we introduce the notions of the left (right) M C;A -convergence, M C;A left (right) G-sequentially completeness, and M C;A left (right) W-sequential completeness in (X, M C;A , * ). In Sections  and , we define left (right) G-families and W-families K C;A generated by M C;A , which generalize M C;A , and next we define left (right) K C;A -convergence, K C;A left (right) G-sequential completeness, and K C;A left (right) W-sequential completeness in (X, M C;A , * ); in particular, if K C;A = M C;A , then Section  reduces to Section . In Section , using families K C;A , we introduce the notions of left (right) fuzzy sets of PompeiuHausdorff type on  X ×  X × (; ∞), and using these fuzzy sets, we construct left (right) set-valued T : X →  X and single-valued T : X → X fuzzy contractions. In Section , A fuzzy quasi-triangular space (X, M C;A , * ) is a set X together with a fuzzy quasi-triangular family M C;A = {M α : X × X × (; ∞) → (; ], α ∈ A} and with a continuous t-norm * . (B) We say that M A = {M α : X × X × (; ∞) → (; ], α ∈ A} is a fuzzy triangular family if fuzzy triangular sets M α , α ∈ A, satisfy the condition
A fuzzy triangular space (X, M A , * ) is a set X together with a fuzzy triangular
, α ∈ A} and a continuous t-norm * . (C) Let (X, M C;A , * ) be a fuzzy quasi-triangular space. We say that M C;A is separating on X if
A is a fuzzy quasi-triangular family on X, and we say that the fuzzy quasi-triangular space (X, M - C;A , * ) is the conjugation of (X, M C;A , * ).
(B) We say that a sequence (
The limit of left (right) M C;A -convergent sequence in X need not be a singleton;
see Examples .-..
Now we define M C;A left (right) G-sequentially completeness and M
Definition . Let (X, M C;A , * ) be a fuzzy quasi-triangular space.
(A) We say that a sequence (
Hence,
and this yields
Hence, we get (.) and (.). (A) The family
we have
) is the set of all left (right) G-families K C;A generated by M C;A . Definition . Let (X, M C;A , * ) be a fuzzy quasi-triangular space.
said to be the left (right) W-family generated by M C;A if:
we have 
We introduce the notion of K C;A -separability in (X, M C;A , * ) as follows. Definition . Let (X, M C;A , * ) be a fuzzy quasi-triangular space, and K C;A be the left (right) G-family or W-family generated by M C;A . We say that K C;A is separating on X if
The notion of K C;A -separability is used for the following interesting theorem. Proof We begin by supposing that u  , w  ∈ X, u  = w  , and
Then (KG) and (KW) imply
or, equivalently,
Assuming that x m = u  and y m = w  , m ∈ N, we conclude that
Therefore, it is not hard to see that (.)-(.) and (.)-(.) hold, and, by (KG) and (KW), the above considerations lead to the following conclusion:
However, M C;A is separating (see (.)), a contradiction. Therefore, K C;A is separating. We say that a sequence (
We say that a sequence (
Definition . Let (X, M C;A , * ) be a fuzzy quasi-triangular space, and
Definition . Let (X, M C;A , * ) be a fuzzy quasi-triangular space, and let 
, η ∈ {, , }, and
set-valued dynamic system, T : X →  X , and η ∈ {, , }.
and
The following Definition . can be stated as a single-valued version of Definitions . and ..
Definition . Let (X, M C;A , * ) be a fuzzy quasi-triangular space, let K C;A be the left (right) G-family or left (right) W-family on X generated by M C;A , and let η ∈ {, }. Let
A , and let (X, T) be a single-valued dynamic system, T : X → X.
, α ∈ A} where
We say that (X, T) is a fuzzy (F The following terminology will be often used in the sequel.
Definition . Let (X, M C;A , * ) be a fuzzy quasi-triangular space, and (X, T) be a setvalued dynamic system, T :
satisfying the property
We say that
Definition . Let (X, M C;A , * ) be a fuzzy quasi-triangular space, and (X, T) be a singlevalued dynamic system, T : X → X.
Remark . Let (X, M C;A , * ) be a fuzzy quasi-triangular space with left (right) G-family
respectively, but the converse does not necessarily hold. The continuity has been extended in several directions and has been applied to problems in different fields.
In this section we define the following generalization of continuity of set-valued dynamic systems in (X, M C;A , * ).
Definition . Let (X, M C;A , * ) be a fuzzy quasi-triangular space, k ∈ N, and (X, T) be a set-valued dynamic system, T :
We further state the generalization of continuity of single-valued dynamic systems in (X, M C;A , * ).
Definition . Let (X, M C;A , * ) be a fuzzy quasi-triangular space. Let (X, T) be a singlevalued dynamic system, T : X → X, and let k ∈ N. The single-valued dynamic system (X, T [k] ) is said to be left (right)
9 Convergence, existence, approximation, and periodic point theorem in (X, M C;A , * ) for set-valued left (right) fuzzy contractions T : X → 2
X
In this section, in fuzzy quasi-triangular spaces (X, M C;A , * ) with left (right) G-families K C;A and with left (right) W-families K C;A (generated by M C;A ), the convergence, approximation, and periodic point theorem concerning set-valued fuzzy left (right) contrac-
We use the notation
where, for each m ∈ N, {β
Assume, moreover, that one of the following (A) or (B) holds:
(A) There exist a left (respectively, right) G-family K C;A generated by M C;A and a point w  ∈ X such that:
(A) for every x ∈ X and for every
and either (A) there exists w  ∈ T(w  ) and, for each m ∈ N, there exists {β
(respectively,
There exist a left (respectively, right) W-family K C;A generated by M C;A and a point w  ∈ X such that:
(B) for every x ∈ X and for every
, and, for each m ∈ N, there exists {β
and, in addition, either
Then the following statements hold:
and there exist a dynamic process
Proof We prove only the case where
We omit the case of 'right' since the reasoning is based on an analogous technique. PART A. Further, in Steps I-IV, we consider the situation where assumptions (A) hold.
Step I. Assume that (A)-(A) hold and let
be arbitrary and fixed. For arbitrary and fixed
where
α )}. Indeed, we apply (.) for w  and for
Observe that then
Indeed, from (.), Definitions . and ., and using (.), for each case where η =  or η =  or η = , we get
This yields (.). Applying (.) for w  and for
α } α∈A , we conclude that there exists
We seek to show that
By (.), Definitions . and ., and using (.), for each case where η =  or η =  or η = , it follows that
This implies (.). From (.) and (.) we get
Proceeding as before, using Definitions . and ., we get that there exists a sequence (w m : m ∈ N) in X satisfying (.) and, for calculational purposes, upon letting
that is,
Consequently, we proved that with arbitrary and fixed w  satisfying (.), the dynamic process (w m : m ∈ {} ∪ N) of the system (X, T) starting at w  constructed here satisfies (.).
Step II. Assume that (A)-(A) hold and that (A) or (A) holds. Then there exists a dynamic process (w m : m ∈ {} ∪ N) of the system (X, T) starting at w  such that
and there exists w ∈ X such that 
Hence, by Definition .(v) and property (.) we obtain
This means that (.) holds. 
However, since ∀ α∈A {β α ∈ (; ∞)}, condition (.) implies
Consequently,
This means that (.) also holds in this case. Step III. Assume that (A)-(A) and (A) or (A) hold and that, for some k ∈ N, (X, 
Now, since (X, T) is K C;A left G-admissible in a point
Step IV. The results in the case where K C;A is a left G-family, (X, T) is left G-admissible in a point w  ∈ X, and (X, T [k] ) is left M C;A -closed on X now follow at once from Steps I-III.
PART B. Further, in Steps V-VIII we consider situation where assumptions (B) hold.
Step 
α )}. The proof of this step is identical to the proof of Step I and is omitted.
Using then Definition .(KW), we get
Now let us prove that
With this aim, we consider two cases. Case VI.. Let (.) hold. We see that
Therefore, using (.) in (.), we immediately obtain (.).
Case VI.. Let (.) hold. By Definition .(KW) and (.) we see that
Now (.) is a consequence of (.) and (.). Now (.) and (.) imply
Further, in view of (ii) and (iv) of Definition . and property (.), for each l ∈ N, we obtain that
Using this, we conclude that (.) implies
In view of (.), from (.) it follows that Step VII. Assume that (B)-(B) hold and that, for some k ∈ N, (X,
The proof of this step is identical to the proof of Step III and is omitted.
Step VIII. The results in the case where K C;A is a left W-family, (X, T) is left W-admissible in a point w  ∈ X, and (X, T [k] ) is left M C;A -closed on X now follow at once from
Steps V-VII. 
(B) There exist a left (respectively, right) W-family K C;A generated by M C;A and a point w  ∈ X such that:
We have the following:
(E) Suppose that a single-valued dynamic system (X, T [k] ) is left (respectively, right) M C;A -closed on X for some k ∈ N and that the family M C;A is separating on X. We have the following:
there exists a point w ∈ Fix(T) such that a sequence
then there exists a point w ∈ X satisfying
M C;A -convergent to w; and
Proof By Theorem . we prove only (D), (D), (E), and (E). PART . Proof of (D). Suppose that there exist
). Hence, for η ∈ {, }, by Definition .(A) and (.),
By Definition .(v) and property (.), this gives
Then, by Definition .(A) and (.), using the fact that, for each
Hence, by Definition .(v) and by (.),
which is impossible. Therefore, (D) holds. PART . Proof of (E). We first observe that
In view of Theorem ., this implies
However, by (.), (D), and (D) this is impossible. Therefore, (.) holds.
Next, we see that (.) holds. In fact, by Definition .(A) and properties (D), (D), and (.) we conclude that
PART . Proof of (E). Finally, let us observe that Fix(T) is a singleton. We argue by contradiction and so suppose that u, w ∈ Fix(T) and u = w.
(   .   )
Then, since the family
By applying Definition . and Theorem . we see that this implies
On the other hand, for η ∈ {, }, by Definition .(A) we conclude that
From this, using (.), we have
respectively. Thus, we obtain that (.) implies (.)-(.), which is impossible. Therefore, Fix(T) is a singleton. Thus, (.) and (.) hold.
Interaction of quasi-triangular spaces and some fuzzy quasi-triangular spaces
In this section we provide a background relations between fuzzy quasi-triangular spaces and quasi-triangular spaces. First, we define quasi-triangular spaces (X, D C;A ), and, next, we construct some fuzzy quasi-triangular spaces (X, M
The set X, together with distances on X, is called distance spaces.
Definition . Let X be a (nonempty) set, A be an index set, and
A .
(A) We say that a family
A quasi-triangular space (X, D C;A ) is a set X together with a quasi-triangular family
A triangular space (X, D A ) is a set X together with a triangular family D A . (C) Let (X, D C;A ) be the quasi-triangular space. We say that D C;A is separating on X if
We have the following useful result. 
Then we have the following:
Proof To prove (A), suppose that
By (.) and the definition of * , this means that
Since
we see that this bound implies property (A). A satisfy
Let J C;A = {J α , α ∈ A} where, for each α ∈ A and for each u, w ∈ X,
Then the family 
Assume now that the sequences (u m : m ∈ N) and (w m : m ∈ N) in X satisfy (.) and (.) or (.) and (.). We see that (.) holds and is equal to (.). Indeed, (.) is equal to (.) and implies 
Examples of fuzzy quasi-triangular spaces
In this section we construct examples of some fuzzy quasi-triangular spaces in the case where * is the continuous t-norm defined by a * b = a · b.
Example . Let X = [; ], and let
is a fuzzy quasi-triangular space. Indeed, we take
this inequality is a consequence of (.) and the following Cases A-D. () (X, K {};{} , * ) is a fuzzy quasi-triangular space. We see that K {};{} is a fuzzy quasitriangular family on X.
() K {};{} = {K} on the diagonal is not equal to one. 
Indeed, we see that d defined by (.) satisfies 
is a fuzzy quasi-triangular space. Indeed, using Theorem ., we see 
